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Abstract

We examine in detail some properties of gesture recogni-
tion models which utilize a reduced number of parameters
and lower algorithmic complexity compared to traditional
hidden Markov models. We show that the reduced parame-
ter models are comparable to standard HMM-based gesture
recognition models in their ability to effectively model ges-
tures, and in some cases superior when training data is lim-
ited. We also show that in order to effectively differentiate
similar gestures, a gesture recognition model must utilize a
large number of states, a scenario which can only be ade-
quately handled by reducer parameter methods to maintain
real-time speeds.

1. Introduction

Hidden Markov models (HMMs) are the basis of most
gesture recognition algorithms used today. However, tra-
ditional HMM-based gesture recognition systems require a
large number of parameters to be trained in order to give sat-
isfying recognition results. In particular, ann state HMM
requiresΘ(n2) parameters to be trained for the transition
probability matrix, which limits its usability in environ-
ments where training data is limited.

Recently, Rajko et al. [6] presented a variation on HMMs
which reduces the number of parameters required to infer all
transition probabilities toΘ(1). In addition, their proposed
model reduces the computational complexity of the infer-
ence algorithm, permitting the number of states used in the
model to increase significantly while preserving real-time
applicability. In this paper, we compare the properties of a
Θ(1) parameter model similar to the one proposed in [6],
a Θ(n2) parameter HMM, as well as two new extensions
of the proposed parameter-reducing model. One of the new
extensions usesΘ(n) parameters for the transition probabil-
ities, and the other usesΘ(1) parameters while giving better
results than the model adapted from [6].

To evaluate the four models, we focus on a particular
scenario in which each model is trained and then tested on

trials of a captured gesture, as well as being tested on a syn-
thesized gesture similar to the captured gesture. For each
testing trial, we evaluate how well each model can model
the trial by calculating the probability that the gesture was
generated by the model. In addition, we examine how well
the model can separate the two gestures.

Our experimental results show that the reduced parame-
ter models can perform on par with or better than the stan-
dardΘ(n2) parameter HMM, especially when training data
is limited. Additionally, the reduced parameter models re-
quire far less CPU time for training and inference. We have
released our implementation of all of the models and exper-
iments in an open source library [5].

1.1. Previous Work

There is an enormous body of work covering the use of
HMMs in gesture recognition, as well as in other pattern
recognition applications. For a review of the method, we
refer to [4, 3]. As our paper offers little in terms of applying
gesture recognition to concrete applications, we will omit
references to the many publications which discuss applica-
tions of gesture recognition (many such references can be
found in the publications we cite).

To follow our discussion, the reader should be famil-
iar with the basics of hidden Markov model use in ges-
ture recognition, as well as the use of the expectation-
maximization algorithm [2] in training hidden Markov
models. In addition, we recommend a basic understanding
of the parameter reduction method presented in [6]. In par-
ticular, we will make use of the concept ofauxiliary states
from [6]. Such states are essentially non-emitting HMM
states, with the novelty lying in how they are used to reduce
the computational complexity of the training and inference
algorithms.

To cover the broader context of gesture recognition, we
should mention scenarios in which HMMs or the related
reduced parameter models are not appropriate. Such ba-
sic hidden Markov models are most effective in situations
where the observations at different times are independent of
each other - i.e., each observation only depends on the un-
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Figure 1. Movement of the example arc gesture.

Figure 2. States of the example arc gesture (when modeled by an
HMM with 7 emitting states).

derlying hidden gesture state. For scenarios where the ob-
servation independence does not hold, other methods have
been proposed, such as coupled hidden Markov models,
hidden conditional random fields, and maximum entropy
hidden Markov models [1, 8, 7]. We have not yet suf-
ficiently investigated how the parameter reduction models
presented here relate to such models.

2. Preliminaries

For the purposes of this paper, we will use a straightfor-
ward hidden Markov model which has been augmented to
support non-emitting states (labeled auxiliary states in [6]).
As there are many different notation conventions in use for
hidden Markov models, here we will utilize a convention we
believe will be easy to remember while reading this paper.

We thereby define our augmented hidden Markov model
(S = {E, N}, sb, se, T, O) by a set of statesS, a desig-
nated beginning statesb, a designated ending statese, a
state transition probability functionT , and an observation
probability functionO.

The augmented HMM behaves essentially the same as
a regular HMM, with only a few points of departure. The
set of statesS is divided into disjoint sets of emitting states
E and non-emitting statesN . The difference between the
two is that the when entered, emitting states emit an ob-
servation belonging to the observation setO according to
the observation probability functionO : E ×O → [0,∞).
The model always begins in the beginning statesb ∈ S,
and until it ends up in the ending statese ∈ S it makes
transitions according to the transition probability function
T : (S − se) × S → [0,∞). T must also satisfy that the
sum of transition probabilities out of any state is1.

3. Gesture Recognition Models

All of the models described in this paper take a stan-
dard HMM approach to modeling gesture. They represent
the gesture using a set of states where each state represents
a stage of the gesture. For example, consider the gesture
shown in Figure1. The gesture is expressed through the
arc-like motion of a tangible object (ball) held in the user’s
hand. We can divide the gesture into a number of stages,
each represented by the direction of the moving ball. Each
stage will correspond to a state in the HMM, as shown in
Figure2.

The four models we use in this paper differ in the
way they model the the transition probabilities between the
states. Since this is the main difference between the mod-
els, and this paper focuses on how these differences influ-
ence the performance of each model, when we explain the
training of the models we will not go into detail regarding
other aspects of the model (such as the observation proba-
bility distributionO, which is trained equivalently for each
of the models and requiresΘ(n) parameters).

Here is a brief overview of the models we will introduce
with an indication of how many parameters are needed to
determine the transition probabilities. We also introducethe
identifiers (initalics) we will use to refer to each model in
later discussion and experimental results:

• standard : A standard HMM model with no backward
transitions (Θ(n2) parameters)

• reduced : A model whose transition probabilities can
be defined by 3 parameters for each state (Θ(n) pa-
rameters)

• constant : A model whose transition probabilities can
be defined by only 3 parameters, and identical to each
of the 3 parameters from thereduced model having
constant values across all states (Θ(1) parameters)

• zigzag : A model whose transition probabilities can be
defined by only 4 parameters, and identical to some
of the parameters from thereduced model following a
simple ”zig-zag” pattern across states (Θ(1) parame-
ters)

3.1. standard Model

The standard HMM we use is composed entirely of
emitting states, except for the starting and ending statessb

andse. In a model withn emitting statesE1 . . . En, we
enumerate the states asS0 = sb, S1 = E1, S2 = E2, . . .,
Sn = En, Sn+1 = se. To specify the transition probabili-
ties between each pair of states, the standard HMM uses a
transition probability matrix:

T (Si, Sj) =

{

0, if j < i or i = n + 1
ti,j , otherwise

. (1)



E2 E3 E4 E5 E6 E7E1sb se

Figure 3. Transitions for astandard HMM model with 7 emitting
states. Only transitions out of one state (E3) are displayed for clar-
ity. In general, any state can have a non-zero probability specified
for transitions to itself or to any state depicted to its right.
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Figure 4. Transitions for the reduced parameter models with7
emitting states. For simplicity, we omit transitions from the begin-
ning statesb. The displayed transitions are determined differently
for each of the reduced parameter models.

To train thestandard HMM model, the EM algorithm is
used. The model is initialized using reasonable initial val-
ues, and then used on a number of training instances of a
gesture. Each training instance yields a sequence of states
that has most likely produced the observations in the train-
ing gesture. The state sequences are then used to update the
parameters. For example, we update the value forti,j us-
ing the percentage of times there was a transition fromSi to
Sj. The expectation of each transition probability is calcu-
lated separately, yieldingΘ(n2) transition parameters to be
trained independently.

3.2. reduced Model

The reduced model uses a constant number of parame-
ters for each state to determine transition probabilities be-
tween all states. The parameters correspond to the proba-
bilities of transitions depicted in Figure4.

In this case, we use the following parameters (we high-
light in bold italics the letter that might help you remember
the symbol due to visual similarity):

• τi is the probability ofremaining in an emitting state
(T (Ei, Ei))

• ηi is the probability of going to thenext emitting state
(T (Ei, Ei + 1))

• ςi is the probability ofskipping at least one emitting
state (T (Ei, Ni+1))

• κi is the probability of skipping an additional emitting
state (T (Ni, Ni+1))

• ρi is the probability of ending a skip sequence
(T (Ni, Ei+1))

The parameters pertaining to an individual pair of emit-
ting / non-emitting states is shown in Figure5. Note that
given these parameters for each state, we can construct an
entire transition probability matrix that would correspond to

Ei Ei+1

Ni Ni+1

ηi

τi

κi

ρi

ςi

Figure 5. Transition probability parameters for thereduced model.

the transition matrix used in thestandard model (focusing
on the transitions between emitting states):

Tstandard(Ei, Ej) =















0, if j < i

τi, if j = i

ηi, if j = i + 1

ςi
∏j−2

k=i+1
κkρj−1, if j > i + 1

.

(2)

Since we constrain each state’s outgoing probabilities to
sum to1, we note the following constraints:

τi + ηi + ςi = 1 (3)

κi + ρi = 1 (4)

Hence, it is sufficient to determine three of the parame-
ters for each state to construct all probabilities of transition
coming out of a state.

Training is again performed using the EM algorithm, but
now focused on the expectation and maximization of only
the5 parameters for each state. For example,τi andηi are
determined much likeT (Ei, Ei) andT (Ei, Ei + 1) in the
standard HMM case. κi is determined by looking at all
transitions in which statesEi andEi+1 were skipped, while
for ρi we look at transitions in whichEi was skipped but
Ei+1 was not.

3.3. constant Model

The constant model uses a total of 5 parameters to de-
termine transition probabilities between all states. It isan
adaptation of the model presented in [6]. The states and
transitions can again be seen in Figures4 and5, but the tran-
sition probabilities are determined slightly differentlythan
with thereduced model. In particular, we enforce that each
of the 5 parameters has the same value for every state - i.e.,
τi = τ for some valueτ and alli, ηi = η for some valueη
and alli, etc.

Thus, we can again can construct the transition probabil-
ity matrix between emitting states that would correspond to



thestandard model:

Tstandard(Ei, Ej) =















0, if j < i

τ, if j = i

η, if j = i + 1
ςκj−i−2ρ, if j > i + 1

. (5)

Since we constrain each state’s outgoing probabilities to
sum to1, we note the following constraints:

τ + η + ς = 1 (6)

κ + ρ = 1 (7)

Hence, it is sufficient to determine three of the parame-
ters to construct all transition probabilities.

Training is again performed using the EM algorithm, and
similar to the training of thereduced model. The difference
is that the parameters which have individual values for the
reduced model are now constrained to have identical values
for the constant model. Thus, for example, to determine
the value ofτ , we would look at the percentage of times an
emitting state (any emitting state) has transitioned to itself
(versus transitioning to any other state).

3.4. zigzag Model

The zigzag model is a simple example of using a low
number of parameters (Θ(1)) while allowing some variation
in the values of the 5 parameters across the states. Specif-
ically, the model alternates between two sets of values for
τ andη. It is a special case of thereduced model where
τi = τi+2 andηi = ηi+2 for all i (i.e., for oddi all τi are
the same, and for eveni all τi are the same, and similarly
so forη values), while the other 3 parameters have constant
values across all states (ς, κ, andρ). We will denote the two
values used forτi andηi by τodd, ηodd, τeven andηeven.

This model was inspired by the results we obtained in
our experiments on the gesture shown in Figure1. For that
particular gesture, we found that the parametersτi andηi,
when graphed over alli, tended to exhibit a ”zig-zag” pat-
tern after training. Thezigzag model was constructed to ex-
amine what happens if we build this pattern into the model.

The training of thezigzag model is similar to that of the
reduced andconstant models. It is identical toconstant for
valuesς, κ, andρ. To determine the values ofτodd, ηodd,
τeven andηeven, suppose we obtain the individual values of
τi andηi as we would for thereduced model. Letτmean

andηmean be their respective means, andηdev be the ex-
pectation of|ηi − ηmean|. We set the following:

τodd = τmean + ηdev (8)

ηodd = ηmean − ηdev (9)

τeven = τmean − ηdev (10)

ηeven = ηmean + ηdev (11)

Figure 6. Synthesized gesture similar to the gesture shown in Fig-
ure1, also used for experimental results.

4. Experimental Results

To test the training requirements and gesture recognition
effectiveness of each model, we implemented each of the
four models and tested it on collected gesture data of a tan-
gible object (ball) moving in a 3D space, as well as on syn-
thesized ball data. For the collected data, the position of
the ball was provided by a 6-camera tracking system at 60
frames per second (resulting in≈ 50-80 frames per trial).

The gesture we collected was the simple arcing gesture
shown in Figure1. We collected 100 trials of the gesture,
which were divided into 30 training and 70 testing trials. In
addition, we synthesized 70 testing trials of a gesture similar
to the capture gestured, which is shown in Figure6.

Our experiment was as follows. Each model was trained
using a variable number of collected gesture training trials,
and tested on the 70 testing trials of the collected and syn-
thesized gesture data. We then measured the likelihood of
each testing trial given by each gesture model, resulting in
two mean likelihoods for each model (one mean for the col-
lected gesture test trials, and one mean for the synthesized
gesture test trials). The likelihood for each test trial was
scaled by the number of observations in the test trial (this
makes the measurements meaningfully comparable when
the number of observations differs). In cases where we used
less than 30 training trials to train the models, we repeated
the experiment multiple times with different sets of train-
ing trials so that all training trials are used at some point.
For example, when training with 15 training trials, we di-
vided the training trials into two groups (1-15 and 16-30),
and repeated the experiment for each group. In such cases,
the mean likelihoods reported are a mean of means over all
groups.

We briefly note that the above evaluation strategy is not
the typical way in which gesture recognition algorithms
are evaluated. Typically, gesture recognition algorithmsare
given data sets containing various gesture and non-gesture
data, and their performance is evaluated according to how
well they classify the gestures. In our case, we take a dif-
ferent approach because we are precisely interested in the
ability of the different models to effectively model a par-
ticular gesture - which can be measured by looking at the
likelihoods.



To make the comparison fair, the four models were all
initialized to the same transition probabilities before train-
ing, and trained with enough iterations of the EM algorithm
to reach a maximum. We also implemented the models so
they share as much code as possible, adding fairness to the
runtime measurements.

We will first present the logarithm of the ratios of the
mean likelihood of the collected gesture versus the mean
likelihood of the synthesized gesture. This measurement
reflects the ability of each model (trained with trials of the
collected gesture) to separate the trials of the collected ges-
ture from the trials of the similar synthesized gesture. If
the log of the ratio is negative, it means that the synthesized
gesture fits the model better. If the log of the ratio is large
and positive, it means that the model is able to effectively
separate the collected gesture from the synthesized gesture.
Note that either behavior might be desirable or undesirable,
depending on the scenario. Since the synthesized gesture is
quite similar to the collected gesture, it could be argued that
each model should recognize trials of the synthesized ges-
ture even when it was trained only on trials of the collected
gesture, and behavior to the contrary identified as overfit-
ting. However, if the scenario requires that similar gestures
be effectively separated, then it is desirable for the modelto
do so.

The results indicate that with a low number of states (3),
none of the models is able to reliably distinguish the two
gestures. With a higher number of states (5), the perfor-
mance becomes reasonable only with a higher number of
training trials. The highest number of states (30 and 60)
show the best separation results. This shows that a high
number of states is necessary in situations where it is impor-
tant to reliably distinguish similar gestures from each other.
Also, note that in such scenarios, each of the models does
about equally well in separating the two gestures.

Next, we look at the CPU runtime costs associated with
inference in each model. Results from Figure7 show the su-
perior runtime performance of the reduced parameter mod-
els, which increases only linearly with the number of emit-
ting states (as opposed to quadratically in the case of the
standard model). Note that with 60 emitting states, thestan-
dard HMM is reaching the limit of real-time performance,
taking 1.5 seconds to process a gesture that takes about the
same amount of time.

Finally, we examine the logarithms of mean likelihoods
of the collected gesture trials alone. This measurement re-
flects the ability of each model to discriminate the collected
gesture on which it was trained from completely dissimilar
gesture models (such as a non-gesture model which might
utilize a uniform distribution over all observations).

The results shown in Table2 indicate that overall, model-
ing is better with a higher number of emitting states. Also,
with a lower number of emitting states (3 and 5), the re-

emitting training
states trials constant zigzag reduced standard

3 2 -13.4 -13.5 -13.4 -5.4
3 3 -5.5 -5.5 -5.5 -3.8
3 5 -2.8 -2.8 -2.9 -2.0
3 15 -0.8 -0.8 -0.8 -0.6
3 30 -0.7 -0.7 -0.7 0.2
5 2 -12.4 -7.5 -6.4 -12.6
5 3 -5.1 -4.8 -5.2 -8.3
5 5 -4.8 -4.6 -4.8 -4.6
5 15 5.7 5.2 5.3 9.7
5 30 2.8 3.2 4.6 9.3
10 2 4.8 9.5 9.1 8.3
10 3 10.7 12.1 12.0 13.9
10 5 10.5 9.9 11.0 8.3
10 15 12.2 13.7 12.5 12.3
10 30 12.3 12.1 12.2 12.2
30 2 30.3 25.4 30.1 29.8
30 3 38.1 31.1 40.2 40.2
30 5 38.9 39.1 38.2 39.0
30 15 41.9 28.7 34.1 34.4
30 30 35.8 34.1 32.0 33.5
60 2 29.2 30.0 81.1 49.2
60 3 39.7 39.2 50.8 50.9
60 5 44.6 42.2 42.7 45.6
60 15 37.3 38.0 35.4 37.7
60 30 40.0 40.3 37.8 39.0

Table 1. The logarithm of ratios of likelihoods of the collected
gesture trials versus similar synthesized gesture trials.Negative
numbers indicate higher likelihood for synthesized gesture trials,
while positive ones indicate higher likelihood for collected gesture
trials. High positive numbers indicate good separation of gesture
data from the non-gesture data. Note that a large number of states
is necessary to separate the two similar gestures, regardless of the
model.

Figure 7. The CPU time (in milliseconds) of inference using each
model, averaged over all test cases for a particular number of emit-
ting states. The runtime of the reduced parameter models increases
linearly with the number of emitting states, while the runtime of
thestandard HMM increases quadratically.



emitting training
states trials constant zigzag reduced standard

3 2 -12.7 -12.7 -12.7 -21.4
3 3 -12.8 -12.8 -12.8 -21.4
3 5 -12.7 -12.6 -12.7 -20.9
3 15 -12.6 -12.6 -12.6 -21.1
3 30 -12.7 -12.7 -12.7 -21.0
5 2 -6.1 -6.0 -6.2 -12.4
5 3 -6.2 -6.1 -6.2 -11.6
5 5 -6.3 -6.3 -6.4 -10.6
5 15 -7.5 -7.4 -7.5 -11.0
5 30 -7.3 -7.2 -7.1 -11.2
10 2 1.7 1.5 1.6 -1.0
10 3 -1.2 -1.5 -1.3 -1.3
10 5 -1.9 -2.3 -1.5 -2.6
10 15 -3.1 -3.0 -2.8 -3.5
10 30 -3.2 -3.1 -2.6 -3.1
30 2 -7.1 -10.2 -4.5 -4.5
30 3 -5.1 -1.1 -1.1 -1.0
30 5 -2.8 -0.0 2.4 2.1
30 15 -2.8 -0.2 1.3 0.2
30 30 -3.2 2.0 2.4 1.8
60 2 -26.8 -27.2 -26.5 -26.4
60 3 -6.0 -5.6 -4.6 -4.5
60 5 -1.9 -0.9 0.3 0.2
60 15 -1.9 -0.7 1.3 1.1
60 30 -0.4 0.5 1.8 2.4

Table 2. The log-likelihoods of the collected gesture test trials.
Higher values indicate better ability of the model to recognize test
trials of the collected gesture after being trained on a number of
training trials.

duced parameter models outperform thestandard HMM
model. With a higher number of emitting states, most mod-
els perform similarly, except for theconstant model which
lags slightly. Thezigzag model is closer in performance
to the reduced model, showing how it is possible to keep
Θ(1) transition probability parameters while improving per-
formance over theconstant model.

5. Conclusions and Future Work

We have presented a specific analysis of four different
gesture recognition models, and came to the following con-
clusions:

• a large number of emitting states is necessary to distin-
guish between similar gestures

• only reduced parameter models show acceptable run-
time performance with a high number of emitting
states

• models withΘ(1), Θ(n) andΘ(n2) parameters deter-
mining transition probabilities (zigzag , reduced , and
standard ) all show comparable performance results in
most scenarios.

Even though the analysis in this paper is focused on a
very specific scenario (a relatively simple gesture expressed
in a unimodal sensing environment), it shows that the re-
duced parameter models can be a good tool for practical,
real-time gesture recognition applications. We will continue
to expand our study to include more variability in the ges-
ture recognition scenarios. Those interested can find exam-
ples of other scenarios in the provided implementation [5].

Also, this paper only focuses on parameters for transition
probabilities. There are also parameters associated with the
observation distributionO. In our implementation, we used
Θ(n) such parameters - a mean and a variance describing
a normal distribution for each emitting state. But these pa-
rameters could also be reduced - for example by enforcing
that all variances should be the same.

Some other directions we are interested in involve the
use of basis functions to describe the parameters. This is
similar to theconstant andzigzag models, which essentially
fit a constant or ”zig-zag” function to the values of each of
the 5 parameters in thereduced model. Other basis func-
tions could be applicable to other scenarios, and an autom-
atized method (based on automatic selection algorithms)
could determine which basis functions are most appropri-
ate. This would improve on the method we used to come up
with thezigzag model, which was essentially looking at the
trained parameters in thereduced model and finding them
to look more ”zig-zag” the more they are trained.
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